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❆❜str❛❝t

❲❡ ✐♥tr♦❞✉❝❡ ❛ s❡q✉❡♥❝❡ Pd ♦❢ ♠♦♥✐❝ r❡❝✐♣r♦❝❛❧ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts ❤❛✈✐♥❣ t❤❡ ❝❡♥tr❛❧ ❝♦❡✣✲

❝✐❡♥ts ✜①❡❞ ❛s ✇❡❧❧ ❛s t❤❡ ♣❡r✐♣❤❡r❛❧ ❝♦❡✣❝✐❡♥ts✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ r❛t✐♦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✉♥✐♠♦❞✉❧❛r r♦♦ts

♦❢ Pd t♦ ✐ts ❞❡❣r❡❡ d ❤❛s ❛ ❧✐♠✐t L ✇❤❡♥ d t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❲❡ s❤♦✇ t❤❛t ✐❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ❝❛♥

❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ✐♥ ♠♦❞✉❧✉s t❤❡♥ L ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 0✳ ■t s❡❡♠s r❡❛s♦♥❛❜❧❡ t♦ ❜❡❧✐❡✈❡ t❤❛t ✐❢ t❤❡

❝♦❡✣❝✐❡♥ts ❛r❡ ❜♦✉♥❞❡❞ t❤❡♥ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ▲❡❤♠❡r✬s ❈♦♥❥❡❝t✉r❡ ✐s tr✉❡✿ ❡✐t❤❡r L = 0 ♦r t❤❡r❡ ❡①✐sts ❛ ❣❛♣ s♦

t❤❛t L ❝♦✉❧❞ ♥♦t ❜❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 0✳ ❲❡ ♣r❡s❡♥t ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❧✐♠✐t r❛t✐♦ ❛♥❞ ❛ ♥✉♠❡r✐❝❛❧

♠❡t❤♦❞ ❢♦r ✐ts ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ❡st✐♠❛t❡❞ t❤❡ ❧✐♠✐t r❛t✐♦ ❢♦r ❛ ❢❛♠✐❧② ♦❢ ♣♦❧②♥♦♠✐❛❧s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ♣♦✇❡rs

♦❢ ❛ ❣✐✈❡♥ ❙❛❧❡♠ ♥✉♠❜❡r✳ ❲❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❧✐♠✐t r❛t✐♦ ♦❢ ♣♦❧②♥♦♠✐❛❧s ❝♦rr❡❧❛t❡❞ t♦ ♠❛♥② ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s

❤❛✈✐♥❣ s♠❛❧❧ ▼❛❤❧❡r ♠❡❛s✉r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❇♦②❞ ❛♥❞ ▼♦ss✐♥❣❤♦✛✳

❘és✉♠é

◆♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥❡ s✉✐t❡ Pd ❞❡ ♣♦❧②♥ô♠❡s ré❝✐♣r♦q✉❡s ✉♥✐t❛✐r❡s à ❝♦❡✣❝✐❡♥ts ❡♥t✐❡rs ❛②❛♥t ❧❡s

❝♦❡✣❝✐❡♥ts ❝❡♥tr❛✉① ✜①❡s ❛✐♥s✐ q✉❡ ❧❡s ❝♦❡✣❝✐❡♥ts ♣ér✐♣❤ér✐q✉❡s✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ r❛♣♣♦rt ❞✉

♥♦♠❜r❡ ❞❡ r❛❝✐♥❡s ♥♦♥ ✉♥✐♠♦❞✉❧❛✐r❡s ❞❡ Pd s✉r s♦♥ ❞❡❣ré d ❛ ✉♥❡ ❧✐♠✐t❡ L ❧♦rsq✉❡ d t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳

◆♦✉s ♠♦♥tr♦♥s q✉❡ s✐ ❧❡s ❝♦❡✣❝✐❡♥ts ❞✬✉♥ ♣♦❧②♥ô♠❡ ♣❡✉✈❡♥t êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞s ❡♥ ♠♦❞✉❧❡

❛❧♦rs L ♣❡✉t êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡ ❞❡ 0✳ ■❧ s❡♠❜❧❡ r❛✐s♦♥♥❛❜❧❡ ❞❡ ❝r♦✐r❡ q✉❡ s✐ ❧❡s ❝♦❡✣❝✐❡♥ts

s♦♥t ❜♦r♥és✱ ❛❧♦rs ❧✬❛♥❛❧♦❣✉❡ ❞❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ ▲❡❤♠❡r ❡st ✈r❛✐ ✿ s♦✐t L = 0✱ s♦✐t ✐❧ ❡①✐st❡ ✉♥ é❝❛rt

t❡❧ q✉❡ L ♥❡ ♣✉✐ss❡ ♣❛s êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡ ❞❡ 0✳ ◆♦✉s ♣rés❡♥t♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ❧❡

❝❛❧❝✉❧ ❞✉ r❛♣♣♦rt ❧✐♠✐t❡ ❡t ✉♥❡ ♠ét❤♦❞❡ ♥✉♠ér✐q✉❡ ♣♦✉r s♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ◆♦✉s ❛✈♦♥s ❡st✐♠é ❧❡

r❛♣♣♦rt ❧✐♠✐t❡ ♣♦✉r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♣♦❧②♥ô♠❡s ❞é❞✉✐ts ❞❡s ♣✉✐ss❛♥❝❡s ❞✬✉♥ ♥♦♠❜r❡ ❞❡ ❙❛❧❡♠ ❞♦♥♥é✳

◆♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❡ r❛♣♣♦rt ❧✐♠✐t❡ ❞❡s ♣♦❧②♥ô♠❡s ❝♦rré❧és à ❞❡ ♥♦♠❜r❡✉① ♣♦❧②♥ô♠❡s ❜✐✈❛r✐és

❛②❛♥t ✉♥❡ ♣❡t✐t❡ ♠❡s✉r❡ ❞❡ ▼❛❤❧❡r ✐♥tr♦❞✉✐ts ♣❛r ❇♦②❞ ❡t ▼♦ss✐♥❣❤♦✛✳

✶✳ P❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② ❙❡r❜✐❛♥ ▼✐♥✐str② ♦❢ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❙❝✐❡♥❝❡✱ Pr♦❥❡❝t ✶✼✹✵✸✷✳
❊♠❛✐❧ ❛❞❞r❡ss✿ ❞st❛♥❦♦✈❅r❣❢✳❜❣✳❛❝✳rs ✭❉r❛❣❛♥ ❙t❛♥❦♦✈✮✳

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ ❆✉❣✉st ✷✺✱ ✷✵✷✷
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❚❤❡ ▼❛❤❧❡r ♠❡❛s✉r❡ M(P ) ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ P (x) = adx
d + ad−1x

d−1 + · · · + a1x + a0 ∈ Z[x] ❤❛✈✐♥❣
ad 6= 0 ❛♥❞ ③❡r♦s α1, α2, . . . , αd ✐s ❞❡✜♥❡❞ ❛s

M(P (x)) := |ad|
d
∏

j=1

max(1, |αj |).

▲❡t I(P ) ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡① ③❡r♦s ♦❢ P (x) ✇❤✐❝❤ ❛r❡ < 1 ✐♥ ♠♦❞✉❧✉s✱ ❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐✲
♣❧✐❝✐t✐❡s✳ ▲❡t U(P ) ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ③❡r♦s ♦❢ P (x) ✇❤✐❝❤ ❛r❡ = 1 ✐♥ ♠♦❞✉❧✉s✱ ✭❛❣❛✐♥✱ ❝♦✉♥t✐♥❣ ✇✐t❤
♠✉❧t✐♣❧✐❝✐t✐❡s✮✳ ❙✉❝❤ ③❡r♦s ❛r❡ ❝❛❧❧❡❞ ✉♥✐♠♦❞✉❧❛r✳ ▲❡t E(P ) ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡① ③❡r♦s ♦❢ P (x)
✇❤✐❝❤ ❛r❡ > 1 ✐♥ ♠♦❞✉❧✉s✱ ❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t✐❡s✳ ❚❤❡♥ ✐t ✐s ♦❜✈✐♦✉s❧② t❤❛t I(P )+U(P )+E(P ) = d✳
❆ P✐s♦t ♥✉♠❜❡r ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ ✐♥t❡❣❡r ❣r❡❛t❡r t❤❛♥ ✶ ❤❛✈✐♥❣ ✐ts ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧
P (x) ♦❢ ❞❡❣r❡❡ d s✉❝❤ t❤❛t I(P ) = d − 1✳ ❚❤❡ ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ P✐s♦t ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ P✐s♦t
♣♦❧②♥♦♠✐❛❧✳ ❆ ❙❛❧❡♠ ♥✉♠❜❡r ✐s ❛ r❡❛❧ ❛❧❣❡❜r❛✐❝ ✐♥t❡❣❡r > 1 ❤❛✈✐♥❣ t❤❡ ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ P (x) ♦❢
❞❡❣r❡❡ d s✉❝❤ t❤❛t U(P ) = d − 2 ≥ 1✱ I(P ) = 1✳ ❲❡ s❛② t❤❛t ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d ✐s r❡❝✐♣r♦❝❛❧ ✐❢
P (x) = xdP (1/x)✳
❉❡✜♥✐t✐♦♥ ✶✳✶ ❆ ♣♦❧②♥♦♠✐❛❧ P (x) ∈ Z[x] ✐s ❛ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧ ✐❢ ✐t ✐s r❡❝✐♣r♦❝❛❧ ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥

P (x) = A(x) ·R(x)

✇❤❡r❡ A(x) ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ✭✐rr❡❞✉❝✐❜❧❡✮ ❝②❝❧♦t♦♠✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ R(x) ✐s t❤❡ ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ♦❢
❛ ❙❛❧❡♠ ♥✉♠❜❡r✳
■❢ t❤❡ ♠♦❞✉❧✐ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ s♠❛❧❧ t❤❡♥ ❛ r❡❝✐♣r♦❝❛❧ ♣♦❧②♥♦♠✐❛❧ ❤❛s ♠❛♥② ✉♥✐♠♦❞✉❧❛r r♦♦ts✳ ❆

▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❧ ♦❢ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ 1 ♦r −1✳ ▼✉❦✉♥❞❛ ❬✶✸❪ s❤♦✇❡❞ t❤❛t
❡✈❡r② s❡❧❢✲r❡❝✐♣r♦❝❛❧ ▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♦❞❞ ❞❡❣r❡❡ ❛t ❧❡❛st ✸ ❤❛s ❛t ❧❡❛st ✸ ③❡r♦s ♦♥ t❤❡ ✉♥✐t ❝✐r❝❧❡✳
❉r✉♥❣✐❧❛s ❬✻❪ ♣r♦✈❡❞ t❤❛t ❡✈❡r② s❡❧❢✲r❡❝✐♣r♦❝❛❧ ▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♦❞❞ ❞❡❣r❡❡ n ≥ 7 ❤❛s ❛t ❧❡❛st 5
③❡r♦s ♦♥ t❤❡ ✉♥✐t ❝✐r❝❧❡ ❛♥❞ ❡✈❡r② s❡❧❢✲r❡❝✐♣r♦❝❛❧ ▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❡✈❡♥ ❞❡❣r❡❡ n ≥ 14 ❤❛s ❛t ❧❡❛st
4 ✉♥✐♠♦❞✉❧❛r ③❡r♦s✳ ■♥ ❬✶❪ t✇♦ t②♣❡s ♦❢ ✈❡r② s♣❡❝✐❛❧ ▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❝♦♥s✐❞❡r❡❞✿ ▲✐tt❧❡✇♦♦❞
♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ♦♥❡ s✐❣♥ ❝❤❛♥❣❡ ✐♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦❡✣❝✐❡♥ts ❛♥❞ ▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ♦♥❡
♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ♥✉♠❜❡rs U(P ) ❛♥❞ I(P ) ♦❢ s✉❝❤ ▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s P ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳ ■♥

❬✷❪ ❇♦r✇❡✐♥✱ ❊r❞é❧②✐✱ ❋❡r❣✉s♦♥ ❛♥❞ ▲♦❝❦❤❛rt s❤♦✇❡❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦s✐♥❡ ♣♦❧②♥♦♠✐❛❧
∑N

m=1 cos(nmθ)
✇✐t❤ t❤❡ nm ✐♥t❡❣r❛❧ ❛♥❞ ❛❧❧ ❞✐✛❡r❡♥t s♦ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐ts r❡❛❧ ③❡r♦s ✐♥ [0, 2π) ✐s O(N9/10(logN)1/5)
✭❤❡r❡ t❤❡ ❢r❡q✉❡♥❝✐❡s nm = nm(N) ♠❛② ✈❛r② ✇✐t❤ N✮✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ r❡❛s♦♥s t♦ ❜❡❧✐❡✈❡ t❤❛t ❛ ❝♦s✐♥❡

♣♦❧②♥♦♠✐❛❧
∑N

m=1 cos(nmθ) ❛❧✇❛②s ❤❛s ♠❛♥② ③❡r♦s ✐♥ t❤❡ ♣❡r✐♦❞✳
❈❧❡❛r❧②✱ ✐❢ αj ✱ ✐s ❛ r♦♦t ♦❢ ❛ r❡❝✐♣r♦❝❛❧ P (x) t❤❡♥ 1/αj ✐s ❛❧s♦ ❛ r♦♦t ♦❢ P (x) s♦ t❤❛t I(P ) = E(P )✳ ▲❡t

C(P ) = I(P )+E(P )
2n ❜❡ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✉♥✐♠♦❞✉❧❛r ③❡r♦s ♦❢ P t♦ ✐ts ❞❡❣r❡❡✳ ❆❝t✉❛❧❧②✱ ✐t ✐s

t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ r❛♥❞♦♠❧② ❝❤♦s❡♥ ③❡r♦ ✐s ♥♦t ✉♥✐♠♦❞✉❧❛r✱ ❛♥❞ C(P ) = E(P )
n ✳

❍❡r❡ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ ❛ s♣❡❝✐❛❧ s❡q✉❡♥❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s✳ ▲❡t n✱ k✱ l a0, a1, . . . , ak✱ b0, b1, . . . , bl ❜❡
✐♥t❡❣❡rs s✉❝❤ t❤❛t 2n > k ≥ 0✱ l ≥ 0✱ ❛♥❞ ❧❡t P2n+2l(x) ❜❡ t❤❡ ♠♦♥✐❝✱ r❡❝✐♣r♦❝❛❧ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ✐♥t❡❣❡r
❝♦❡✣❝✐❡♥ts

P2n+2l(x) = xn+l





l
∑

j=0

bj

(

xn+j +
1

xn+j

)

+ a0 +

k
∑

j=1

aj

(

xj +
1

xj

)



 . ✭✶✮

❲❡ s❤♦✉❧❞ r❡♠❛r❦ t❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② st✉❞✐❡❞ ✐♥ ❬✶✻❪ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✭✶✮ ❢♦r l = 0✱ b0 = 1✳ ❲❡
❛r❡ ❧♦♦❦✐♥❣ ❢♦r s❡q✉❡♥❝❡s (P2n+2l) s✉❝❤ t❤❛t t❤❡ r❛t✐♦ C(P2n+2l) ❤❛s ❛ ❧✐♠✐t ✇❤❡♥ n t❡♥❞s t♦ ∞ ❛♥❞
0 < limn→∞ C(P2n+2l) < 1✳ ■❢ (P2n+2l) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧s t❤❡♥ t❤✐s ❧✐♠✐t ✐s tr✐✈✐❛❧❧② 0✳
❙❛❧❡♠ ✭s❡❡ ❬✶✹❪ ❚❤❡♦r❡♠ ■❱✱ ♣✳✸✵✮ ❤❛s ❢♦✉♥❞ s✉❝❤ ❛ s❡q✉❡♥❝❡✳ ❍❡ ❞✐s❝♦✈❡r❡❞ ❛ s✐♠♣❧❡ ✇❛② t♦ ❝♦♥str✉❝t

✷



t✇♦ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡s ♦❢ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧s ❢r♦♠ ❛ P✐s♦t ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❣✐✈❡s ♦♥❡ ♦❢
t❤❡♠✳
❊①❛♠♣❧❡ ✶ ■❢ xl + bl−1x

l−1 + · · · + b0 ✐s ❛ P✐s♦t ♣♦❧②♥♦♠✐❛❧✱ bl = 1✱ k = a0 = 0✱ t❤❡♥ ✭✶✮ ✐s ❛ s❡q✉❡♥❝❡
♦❢ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧s✳
▲❡t t❤❡ P✐s♦t ♣♦❧②♥♦♠✐❛❧ ✐♥ ❊①❛♠♣❧❡ ✶ ❜❡ t❤❡ ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ P✐s♦t ♥✉♠❜❡r θ✳ ❲❡ s❤♦✉❧❞

r❡♠❛r❦ t❤❛t ❙❛❧❡♠ ♣r♦✈❡❞ ✐♥ ❬✶✺❪ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ❙❛❧❡♠ ♥✉♠❜❡rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❢❛♠✐❧② ♦❢ ❙❛❧❡♠
♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ❊①❛♠♣❧❡ ✶ t❡♥❞s t♦ θ✳ ❙✉❝❤ ❢❛♠✐❧② ♦❢ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧s ✐s ♥♦t ✉♥✐q✉❡❀ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥
♦❢ ❛❧❧ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ❙❛❧❡♠ ♥✉♠❜❡rs ❝♦♥✈❡r❣✐♥❣ t♦ θ ✐s ✉♥❦♥♦✇♥✱ ❛♥❞ ✐t ❝♦♥st✐t✉t❡s ❛ ✈❡r② ❞✐✣❝✉❧t ♣r♦❜❧❡♠
❬✶✶❪✳ ❚❤❡r❡ ✐s ♠✉❝❤ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❙❛❧❡♠ ♥✉♠❜❡rs ♦♥ (1,∞) ❜✉t ✐t ✐s ❜❡❧✐❡✈❡❞
t❤❛t ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❙❛❧❡♠ ♥✉♠❜❡rs ❛r❡ ❧❡ss t❤❛♥ ✶✳✸ ❛♥❞ t❤❡ ▲❡❤♠❡r ❝♦♥❥❡❝t✉r❡ ✭s❡❡ ❬✶✷❪ ♣✳ ✷✸✳✮
s✉❣❣❡sts t❤❛t ♥♦♥❡ ♦❢ t❤❡♠ ✐s ❧❡ss t❤❛♥ ✶✳✶✼✻✳
▼❛✐♥ ❚❤❡♦r❡♠ ■❢ k, l ≥ 0 ❛r❡ ✐♥t❡❣❡rs t❤❡♥ ❢♦r ❛❧❧ ✜①❡❞ ✐♥t❡❣❡rs aj✱ j = 0, 1, . . . , k ❛♥❞ ❢♦r ❛❧❧ ✜①❡❞
✐♥t❡❣❡rs bj ✐♥ ✭✶✮ s✉❝❤ t❤❛t bj = bl−j✱ j = 0, 1, . . . , l t❤❡ ❧✐♠✐t limn→∞ C(P2n+2l) ❡①✐sts✳
▼❛✐♥ ❚❤❡♦r❡♠ ❡♥❛❜❧❡s ✉s t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❉❡✜♥✐t✐♦♥ ✶✳✷ ▲❡t t❤❡ ❧✐♠✐t ♦❢ C(P2n+2l) ✇❤❡♥ n t❡♥❞s t♦ ✐♥✜♥✐t② ❜❡ ❝❛❧❧❡❞ ❧✐♠✐t r❛t✐♦ ❛♥❞ ❞❡♥♦t❡❞
LC(P2n+2l)✳
■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ♦❢ ▼❛✐♥ ❚❤❡♦r❡♠✳ ■♥ ❊①❛♠♣❧❡ ✶ LC(P2n+2l) ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧②

❝❧♦s❡ t♦ 0 ❛s n → ∞ ❜✉t t❤❡ ❝♦♥❞✐t✐♦♥ bj = bl−j ✐s ❢❛❧s❡✳ ■♥ ❊①❛♠♣❧❡ 2 t❤❡ ❝♦♥❞✐t✐♦♥ bl = bl−j ✐s tr✉❡✱
LC(P2n+2l) ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 0 ❜✉t t❤❡ bjs ❛r❡ ✉♥❜♦✉♥❞❡❞✳ ❲❡ ❞✐❞ ♥♦t ✜♥❞ ❛♥ ❡①❛♠♣❧❡ ♦❢
s❡q✉❡♥❝❡ LC(P2n+2l) ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ bj = bl−j ✱ ✇✐t❤ bj ✱ j = 0, . . . , l ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥
♠♦❞✉❧✉s ❛♥❞ LC(P2n+2l) ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 0✳ ❙♦ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t s✉❝❤ ❛ s❡q✉❡♥❝❡ ❞♦❡s ♥♦t ❡①✐st✱
✐♥ ❈♦♥❥❡❝t✉r❡ ✸✳✶✳ ■♥ t❤❡ t❤✐r❞ s❡❝t✐♦♥ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ▼❛❤❧❡r ♠❡❛s✉r❡ ❛♥❞ t❤❡
❧✐♠✐t r❛t✐♦ ❛♥❞ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❧✐♠✐t r❛t✐♦ ❢♦r ♠❛♥② ❢❛♠✐❧✐❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ s♠❛❧❧ ▼❛❤❧❡r ♠❡❛s✉r❡
✐♥tr♦❞✉❝❡❞ ❜② ❇♦②❞ ❛♥❞ ▼♦ss✐♥❣❤♦✛✳

✷✳ ❚❤❡ ▲✐♠✐t ❘❛t✐♦

❚❤❡ ▼❛✐♥ ❚❤❡♦r❡♠ ✐s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ✇❤✐❝❤ ✇❡ ♣r♦✈❡❞ ✐♥ ❬✶✻❪✱ ♠♦r❡ ♣r❡❝✐s❡❧② ❚❤❡♦r❡♠
✷✳✶ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ▼❛✐♥ ❚❤❡♦r❡♠ ✐❢ ✇❡ t❛❦❡ l = 0✳

P❘❖❖❋✳ ✭♦❢ ▼❛✐♥ ❚❤❡♦r❡♠✮ ❚❤❡ t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✐❢ ✇❡ s❤♦✇ t❤❛t 1− C(P2n+2l) ❤❛s ❛ ❧✐♠✐t

✇❤❡♥ n t❡♥❞s t♦ ∞✳ ❙✐♥❝❡ 1−C(P2n+2l) =
U(P2n+2l)

2n+2l ✇❡ ❤❛✈❡ t♦ ❝♦✉♥t t❤❡ ✉♥✐♠♦❞✉❧❛r r♦♦ts ♦❢ P2n+2l(x)✳
❚❤❡ ❡q✉❛t✐♦♥ P2n+2l(x) = 0 ✐s ❡q✉✐✈❛❧❡♥t t♦

xn+l
l
∑

j=0

bj

(

xn+j +
1

xn+j

)

= xn+l



−a0 −
k
∑

j=1

aj

(

xj +
1

xj

)



 . ✭✷✮

▲❡t B(x) ❜❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦♥ t❤❡ ❧❡❢t s✐❞❡ ❛♥❞ ❧❡t A(x) ❜❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡
♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳
❙✐♥❝❡ bj = bl−j ✱ j = 0, 1, . . . , l ✇❡ ❤❛✈❡

✸



B(x) = xn+l
l
∑

j=0

bj

(

xn+j +
1

xn+j

)

=

l
∑

j=0

bj
(

x2n+l+j + xl−j
)

=

l
∑

j=0

bjx
2n+l+j +

l
∑

j=0

bl−jx
l−j

=

l
∑

j=0

bj
(

x2n+l+j + xj
)

=
l
∑

j=0

bjx
j
(

x2n+l + 1
)

=
(

x2n+l + 1
)

l
∑

j=0

bjx
j

=
(

x2n+l + 1
)

xl/2
l
∑

j=0

bjx
j−l/2.

❋✐♥❛❧❧② ✐t ❢♦❧❧♦✇s t❤❛t

B(x) = xn+l

(

xn+l/2 +
1

xn+l/2

) l
∑

j=0

bjx
j−l/2. ✭✸✮

❙✐♥❝❡ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ✉♥✐♠♦❞✉❧❛r r♦♦ts ✇❡ ✉s❡ t❤❡ s✉❜st✐t✉t✐♦♥ x = eit ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭✷✮✳ ■❢ l ✐s ❡✈❡♥
t❤❡♥ ✇❡ ❤❛✈❡

B(eit) = ei(n+l)t2 cos[(n+ l/2)t]





l/2−1
∑

j=0

2bj cos[(l/2− j)t] + bl/2



 . ✭✹✮

■❢ l ✐s ♦❞❞ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✮

B(eit) = ei(n+l)t2 cos[(n+ l/2)t]





(l−1)/2
∑

j=0

2bj cos[(l/2− j)t]



 . ✭✺✮

❋r♦♠ t❤❡ s✉❜st✐t✉t✐♦♥ x = eit ✐t ❢♦❧❧♦✇s t❤❛t x ✐s ✉♥✐♠♦❞✉❧❛r ✐❢ ❛♥❞ ♦♥❧② ✐❢ t ✐s r❡❛❧ s♦ t❤❛t ✇❡ ❤❛✈❡ t♦
❝♦✉♥t t❤❡ r❡❛❧ r♦♦ts ♦❢ B(eit) = A(eit)✱ ✭t ∈ [0, 2π))✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤ E(t) t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② t❡r♠s
❡♥❝❧♦s❡❞ ✇✐t❤✐♥ ❜r❛❝❦❡ts ♦❢ ✭✹✮ ♦r ♦❢ ✭✺✮ ✐✳❡✳

E(t) :=



























l/2−1
∑

j=0

2bj cos(l/2− j)t+ bl/2 ✐❢ l ✐s ❡✈❡♥✱

(l−1)/2
∑

j=0

2bj cos(l/2− j)t ✐❢ l ✐s ♦❞❞✳

✭✻✮

■❢ t ∈ R ✇❡ ❝❛♥ ❞✐✈✐❞❡ t❤❡ ❡q✉❛t✐♦♥ B(eit) = A(eit) ✇✐t❤ 2ei(n+l)t 6= 0 ❛♥❞ ♦❜t❛✐♥

✹



cos[(n+ l/2)t]E(t) = −a0/2−
k
∑

j=1

aj cos jt

▲❡t Γ ❜❡ t❤❡ ❣r❛♣❤ ♦❢ E(t)✱ ❧❡t Γ1 ❜❡ t❤❡ ❣r❛♣❤ ♦❢ f1(t) = cos(n + l/2)t E(t)✳ ❖❜✈✐♦✉s❧② ❢♦r ❛❧❧ n Γ1 ✐s
s❡tt❧❡❞ ❜❡t✇❡❡♥ ❣r❛♣❤s ♦❢ E(t) ❛♥❞ −E(t) ❛♥❞ ✐♥ ❝❡rt❛✐♥ ♣♦✐♥ts Γ t♦✉❝❤❡s Γ1✳ ❋♦r t❤❛t r❡❛s♦♥ ✇❡ ❝❛❧❧
E(t) t❤❡ ❡♥✈❡❧♦♣❡ ♦❢ f1(t)✳ ▲❡t Γ2 ❜❡ t❤❡ ❣r❛♣❤ ♦❢

f2(t) := −a0/2−
k
∑

j=1

aj cos jt. ✭✼✮

❚❤❡♥ U(P ) ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ Γ1 ❛♥❞ Γ2✳ ❚❤❡s❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ❛r❡
♦❜✈✐♦✉s❧② s❡tt❧❡❞ ❜❡t✇❡❡♥ ❝✉r✈❡s y = −|E(t)| ❛♥❞ y = |E(t)|✳ ●r❛♣❤ Γ2 ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f2
❛♥❞ ❣r❛♣❤ Γ ❛r❡ ✜①❡❞ ✐✳❡✳ t❤❡② ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ n✱ t❤❡r❡❢♦r❡ t❤❡r❡ ❛r❡ r s✉❜✐♥t❡r✈❛❧s Ij ✱ s✉❝❤ t❤❛t r ✐s
❛ ✜♥✐t❡ ✐♥t❡❣❡r✱ Ij = [αj , βj ]✱ 0 < βj−1 < αj < βj < αj+1 < 2π✱ s✉❝❤ t❤❛t ✐❢ t ∈ Ij t❤❡♥ |f2(t)| ≤ |E(t)|✱
✇❤❡r❡ αj ✱ βj ❛r❡ s♦❧✉t✐♦♥s ♦❢

|E(t)| = |f2(t)|. ✭✽✮

❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦❢ ❊r❞➤s ❛♥❞ ❚✉rá♥ ❬✼❪ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ▼❛✐♥ ❚❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✶ ✭❊r❞➤s✱ ❚✉rá♥✮ ▲❡t F (x) =
∑d

k=0 akx
k ∈ C[x] ✇✐t❤ ada0 6= 0✱ ❛♥❞ ❧❡t

N(F ;α, β) = #{r♦♦ts r ∈ C ♦❢ F ✇✐t❤ α ≤ arg(r) ≤ β}.
❚❤❡♥ ❢♦r ❛❧❧ 0 ≤ α < β ≤ 2π✱

∣

∣

∣

∣

N(F ;α, β)

d
− β − α

2π

∣

∣

∣

∣

≤ 16√
d

[

log

(

|a0|+ · · ·+ |ad|
√

|a0ad|

)]1/2

.

❯s✐♥❣ ❚❤❡♦r❡♠ ✷✳✶ ♦❢ ❊r❞➤s ❛♥❞ ❚✉rá♥ ✇❡ ♦❜t❛✐♥

∣

∣

∣

∣

N(P2n+2l;αj , βj)

2n+ 2l
− βj − αj

2π

∣

∣

∣

∣

≤ 16√
2n+ 2l

[

log

(

2
∑l

j=0 |bj |+ |a0|+ 2
∑k

j=1 |aj |
√

|b0bl|

)]1/2

.

■❢ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥st❛♥t

D :=

[

log

(

2
∑l

j=0 |bj |+ |a0|+ 2
∑k

j=1 |aj |
√

|b0bl|

)]1/2

t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t

βj − αj

2π
− 16√

2n+ 2l
D ≤ N(P2n+2l;αj , βj)

2n+ 2l
≤ βj − αj

2π
+

16√
2n+ 2l

D.

■❢ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s ❢♦r j = 1, 2, . . . , r t❤❡♥ ✇❡ ❣❡t
r
∑

j=1

βj − αj

2π
− r

16√
2n+ 2l

D ≤
r
∑

j=1

N(P2n+2l;αj , βj)

2n+ 2l
≤

r
∑

j=1

βj − αj

2π
+ r

16√
2n+ 2l

D.

❋✐♥❛❧❧② ✇❡ ❤❛✈❡ t♦ ♥♦t✐❝❡ t❤❛t
∑r

j=1 N(P2n+2l;αj , βj) = U(P2n+2l) ❛♥❞ ✜♥❞ t❤❡ ❧✐♠✐t ✇❤❡♥ n t❡♥❞s t♦
✐♥✜♥✐t②✳ ❯s✐♥❣ t❤❡ ❚❤❡♦r❡♠ ✷✳✶ ✐t ❢♦❧❧♦✇s t❤❛t

lim
n→∞

U(P2n+2l)

2n+ 2l
=

r
∑

j=0

βj − αj

2π

❜❡❝❛✉s❡ limn→∞ r 16√
2n+2l

D = 0.
✷

✺



■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t S1(x) = x4−x3−x2−x+1 ✐s ❛ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧ ❤❛✈✐♥❣ t✇♦ r❡❛❧ r♦♦ts✿ ❛ ❙❛❧❡♠
♥✉♠❜❡r γ > 1✱ 1/γ ❛♥❞ t✇♦ ❝♦♠♣❧❡① ✉♥✐♠♦❞✉❧❛r r♦♦ts θ, θ̄✳ ▲❡t Sm(x) = x4+ b1,mx3+ b2,mx2+ b3,mx+1
❜❡ t❤❡ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ❙❛❧❡♠ ♥✉♠❜❡r γm s♦ t❤❛t ✐ts ❝♦❡✣❝✐❡♥ts s❤♦✉❧❞ ❜❡ b0,m = b4,m = 1,

b1,m = b3,m = −(γm + 1/γm + θm + θ̄m), ✭✾✮

b2,m = 2 + θmγm + θm/γm + θ̄mγm + θ̄m/γm. ✭✶✵✮

❊①❛♠♣❧❡ ✷ ▲❡t T2n+8,m ❞❡♥♦t❡

T2n+8,m(x) = xn+4





4
∑

j=0

bj,m

(

xn+j +
1

xn+j

)

+ 2



 .

❚❤❡♦r❡♠ ✷✳✷ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❊①❛♠♣❧❡ ✷ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡

lim
m→∞

LC(T2n+8,m(x)) = 0.

P❘❖❖❋✳ ■♥ t❤✐s ❡①❛♠♣❧❡ l = 4 ✐s ❡✈❡♥✱ k = 0✱ a0 = 2✳ ❲❡ ❤❛✈❡ t♦ ✉s❡ ✭✻✮ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡♥✈❡❧♦♣❡✿
Em(t) = 2 cos(2t) + 2b1,m cos t+ b2,m✳ ❲❡ ❤❛✈❡ t♦ s♦❧✈❡ ✭✽✮ t❤❛t ✐s ❡q✉✐✈❛❧❡♥t ✇✐t❤ Em(t) = 1 ♦r Em(t) =
−1✳ ❙✐♥❝❡ cos 2t = 2 cos2 t − 1 t❤❡ ❡q✉❛t✐♦♥s ❛r❡ q✉❛❞r❛t✐❝ ✐♥ cos(t)✱ s♦ t❤❛t✱ s♦❧✈✐♥❣ Em(t) = ±1✱ ✇❡

t❛❦❡ t❤❡ s♦❧✉t✐♦♥s ✐♥ [−1, 1]✳ ❋r♦♠ Em(t) = 1 ✇❡ ❣❡t cosαm = 1
4

(

−b1,m −
√

b21,m − 4b2,m + 12
)

✳ ❋r♦♠

Em(t) = −1 ✇❡ ❣❡t cosβm = 1
4

(

−b1,m −
√

b21,m − 4b2,m + 4
)

✳ ■t r❡♠❛✐♥s t♦ ❝❛❧❝✉❧❛t❡

lim
m→∞

(cosβm − cosαm) = lim
m→∞

2
√

b21,m − 4b2,m + 12 +
√

b21,m − 4b2,m + 4
.

❚♦ s❤♦✇ t❤❛t t❤❡ ❧❛st ❧✐♠✐t ✐s 0 ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t b21,m − 4b2,m t❡♥❞s t♦ +∞ ✇❤❡♥ m → ∞✳
❯s✐♥❣ ✭✾✮ ❛♥❞ ✭✶✵✮

b21,m − 4b2,m =
(

γ2m − 2γmθm − 2γmθ̄m
)

+
(

1/γ2m − 2θ̄m/γm − 2θm/γm + θ2m + θ̄2m + 2θmθ̄m − 6
)

.

❚❤❡ t❡r♠s ✐♥s✐❞❡ t❤❡ ✜rst ♣❛✐r ♦❢ ♣❛r❡♥t❤❡s❡s ❛r❡ ❡q✉❛❧ t♦

γm(γm − 2θm − 2θ̄m) ≥ γm(γm − 4)

s♦ t❤❛t t❤❡② t❡♥❞ t♦ +∞ ✇❤❡♥ m → ∞✳ ❙✐♥❝❡ ❛❧❧ t❡r♠s ✐♥s✐❞❡ t❤❡ s❡❝♦♥❞ ♣❛✐r ♦❢ ♣❛r❡♥t❤❡s❡s ❛r❡ ❜♦✉♥❞❡❞
♦r t❡♥❞ t♦ ③❡r♦ ✐t ❢♦❧❧♦✇s t❤❛t b21,m − 4b2,m t❡♥❞s t♦ +∞ ✇❤❡♥ m → ∞✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ b0 = b1 = · · · = bl = 1✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡♥✈❡❧♦♣❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✺ ✇❡
♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ♣r♦✈❡❞✳
▲❡♠♠❛ ✷✳✸

sin
t

2





m
∑

j=1

2 cos jt+ 1



 = sin
(2m+ 1)t

2

P❘❖❖❋✳

sin
t

2





m
∑

j=1

2 cos jt+ 1



 = sin
t

2





m
∑

j=0

2 cos jt− 1





✻



= sin
t

2



2

m
∑

j=0

cos jt



− sin
t

2

= 2 cos
mt

2
sin

(m+ 1)t

2
− sin

t

2

= sin
(2m+ 1)t

2
+ sin

t

2
− sin

t

2

= sin
(2m+ 1)t

2

▲❡♠♠❛ ✷✳✹

sin
t

2





m
∑

j=1

2 cos
(2j − 1)t

2



 = sinmt

P❘❖❖❋✳
❚❤❡ ❢♦r♠✉❧❛ ✐s ♦❜✈✐♦✉s❧② tr✉❡ ❢♦r m = 1 ❜❡❝❛✉s❡ 2 sin t

2 cos
t
2 = sin t✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✐s

tr✉❡ ❢♦r m = k ✐✳❡✳

sin
t

2





k
∑

j=1

2 cos
(2j − 1)t

2



 = sin kt.

❯s✐♥❣ t❤❡ ♣r♦❞✉❝t✲t♦✲s✉♠ ❢♦r♠✉❧❛ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❢♦r♠✉❧❛ ✐s tr✉❡ ❢♦r m = k + 1✿

sin
t

2





k+1
∑

j=1

2 cos
(2j − 1)t

2



 = sin kt+ 2 sin
t

2
cos

(2k + 1)t

2
= sin kt+ sin(k + 1)t− sin kt = sin(k + 1)t.

❲❡ ❝♦♥❝❧✉❞❡ r❡❝✉rs✐✈❡❧② t❤❛t t❤❡ ❢♦r♠✉❧❛ ❤♦❧❞s ❢♦r ❡✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r m✳

❚❤❡♦r❡♠ ✷✳✺ ■❢ b0 = b1 = · · · = bl = 1 ✐♥ ✭✶✮ t❤❡♥

E(t) =
sin (l+1)t

2

sin t
2

. ✭✶✶✮

P❘❖❖❋✳
■❢ l ✐s ❡✈❡♥ t❤❡♥ ✭✻✮ ❣✐✈❡s

E(t) =

l/2−1
∑

j=0

2 cos[(l/2− j)t] + 1.

■❢ ✇❡ ❝❤❛♥❣❡ t❤❡ ✐♥❞❡① ♦❢ s✉♠♠❛t✐♦♥ J := l/2− j ❛♥❞ t❤❡♥ r❡✈❡rs❡ t❤❡ ♦r❞❡r ♦❢ s✉♠♠❛t✐♦♥ ✇❡ ❣❡t

E(t) =

l/2
∑

J=1

2 cos Jt+ 1. ✭✶✷✮

❋✐♥❛❧❧② ✉s✐♥❣ ▲❡♠♠❛ ✷✳✸ ✐t ❢♦❧❧♦✇s t❤❛t

sin (l+1)t
2

sin t
2

.

✼



■❢ l ✐s ♦❞❞ t❤❡♥ ✭✻✮ ❣✐✈❡s

E(t) =

(l−1)/2
∑

j=0

2 cos[(l/2− j)t].

■❢ ✇❡ ❝❤❛♥❣❡ t❤❡ ✐♥❞❡① ♦❢ s✉♠♠❛t✐♦♥ J := 1/2 + l/2− j ❛♥❞ t❤❡♥ r❡✈❡rs❡ t❤❡ ♦r❞❡r ♦❢ s✉♠♠❛t✐♦♥ ✇❡ ❣❡t

E(t) =

(l+1)/2
∑

J=1

2 cos[(J − 1/2)t]. ✭✶✸✮

❋✐♥❛❧❧② ✉s✐♥❣ ▲❡♠♠❛ ✷✳✹ ✇❡ ❣❡t

E(t) =
sin (l+1)t

2

sin t
2

.

■♥ ❬✺❪ ❇♦②❞ ❛♥❞ ▼♦ss✐♥❣❤♦✛ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
❉❡✜♥✐t✐♦♥ ✷✳✻ ▲❡t ϕA(x) ❞❡♥♦t❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ (xA − 1)/(x− 1)✱ ❛♥❞ ✇r✐t❡

PA,B(x, y) = xmax(A−B,0)(ϕA(x) + ϕB(x)y + xB−AϕA(x)y
2).

❊①❛♠♣❧❡ ✸ ▲❡t H2n+2l(x) ❞❡♥♦t❡

H2n+2l(x) = xn+l





l
∑

j=0

(

xn+j +
1

xn+j

)

+ 1



 .

❲❡ ❝❛♥ s❤♦✇ t❤❛t

H2n+2l(x) = Pl+1,1(x, x
n+l)/xl.

■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ s✉❜st✐t✉t❡ l = m− 1 ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✳
❚❤❡♦r❡♠ ✷✳✼ ■❢ m ✐s ❛♥ ✐♥t❡❣❡r ❣r❡❛t❡r t❤❛♥ ✶ t❤❡♥

2

π(2m+ 1)

sin (m−1)π
2m

sin π
2m

< LC(H2n+2m−2(x)) <
2

6m− π

sin (m−1)π
2m

sin π
2m

P❘❖❖❋✳ ❙✐♥❝❡ b0 = b1 = · · · = bm−1 ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ✉s❡ ❚❤❡♦r❡♠ ✷✳✺ t♦ ❞❡t❡r♠✐♥❡

t❤❡ ❡♥✈❡❧♦♣❡✿ Em(T ) =
sin mT

2

sin T

2

. ❲❡ ❤❛✈❡ t♦ s♦❧✈❡ ✭✽✮ t❤❛t ✐s ❡q✉✐✈❛❧❡♥t ✇✐t❤ |Em(T )| = 1/2✱ T ∈ [0, 2π]

❜❡❝❛✉s❡ k = 0✱ a0 = 1✳ ■❢ ✇❡ s✉❜st✐t✉t❡ T = 2t ✐t ❢♦❧❧♦✇s t❤❛t ✇❡ ❤❛✈❡ t♦ s♦❧✈❡

2| sinmt| = sin t, t ∈ [0, π]

❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ s✉♠ ♦❢ ❧❡♥❣t❤ ♦❢ ❛❧❧ ✐♥t❡r✈❛❧s ✇❤❡r❡ 2| sinmt| < | sin t| ♦♥ [0, π]✳ ▲❡t G1

❜❡ t❤❡ ❣r❛♣❤ ♦❢ h1(t) = | sin t| ❛♥❞ ❧❡t G2 ❜❡ t❤❡ ❣r❛♣❤ ♦❢ h2(t) = 2| sinmt|✳ ▲❡t Lj ❜❡ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣
t❤r♦✉❣❤ Mj

(

jπ
m , sin jπ

m

)

✇✐t❤ t❤❡ s❧♦♣❡ 1✱ ❛♥❞ ❧❡t lj ❜❡ t❤❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ Mj ✇✐t❤ t❤❡ s❧♦♣❡ −1 ✭s❡❡✳

❋✐❣✳ ✶✮✳ ▲❡t gj ❜❡ t❤❡ t❛♥❣❡♥t ❧✐♥❡ ♦❢ 2| sinmt| ❛t Nj

(

jπ
m , 0

)

✇✐t❤ t❤❡ s❧♦♣❡ 2m ❛♥❞ ❧❡t sj ❜❡ t❤❡ s❡❝❛♥t

❧✐♥❡ ♦❢ 2| sinmt| ♣❛ss✐♥❣ t❤r♦✉❣❤ Nj ❛♥❞ Sj

(

jπ
m + π

6m , 1
)

✳ ▲❡t Qj ❜❡ t❤❡ ✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ G1

❛♥❞ G2 ♦♥ t❤❡ s❡❣♠❡♥t Ij = [ jπm , jπ
m + π

2m ]✳ ❙✐♥❝❡ 2
π < 1 t❤❡r❡ ✐s t❤❡ ✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t Pj ♦❢ sj

❛♥❞ Lj ✱ ❛♥❞ ❛❧s♦ t❤❡ ✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t Rj ♦❢ gj ❛♥❞ lj ✳ ❖♥ Ij ❢✉♥❝t✐♦♥ h2 ✐♥❝r❡❛s❡s ❛♥❞ ✐s ❝♦♥❝❛✈❡
❞♦✇♥ s♦ t❤❛t ✐❢ pj ✱ qj ✱ rj ❛r❡ ❞✐st❛♥❝❡s ❢r♦♠ ♣♦✐♥ts Pj ✱ Qj ✱ Rj ✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ t❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡ MjNj

t❤❡♥ rj < qj < pj ✳ ❚♦ ❝❛❧❝✉❧❛t❡ pj ✱ rj ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ ❤♦r✐③♦♥t❛❧ tr❛♥s❧❛t✐♦♥ ♦❢ ❛❧❧ t❤❡s❡ ♦❜❥❡❝ts

✽



❋✐❣✉r❡ ✶✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ ❛♥ ✐♥t❡r✈❛❧ ✇❤❡r❡ 2| sinmt| < | sin t|✳

s✉❝❤ t❤❛t Nj ♠♦✈❡s t♦ t❤❡ ♦r✐❣✐♥ O✳ ❚❤❡♥ Lj ♠♦✈❡s t♦ L′
j : y = t+ sin jπ

m ❛♥❞ sj ♠♦✈❡s t♦ s′j : y = 6m
π t✳

❚❤❡ s♦❧✉t✐♦♥ t ♦❢ t❤❡ s②st❡♠ ♦❢ t❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s ✐s ❡q✉❛❧ t♦ pj s♦ t❤❛t

pj =
sin jπ

m
6m
π − 1

.

❆❧s♦ lj ♠♦✈❡s t♦ l′j : y = −t + sin jπ
m ❛♥❞ gj ♠♦✈❡s t♦ g′j : y = 2mt✳ ❚❤❡ s♦❧✉t✐♦♥ t ♦❢ t❤❡ s②st❡♠ ♦❢ t❤❡

❧❛st t✇♦ ❡q✉❛t✐♦♥s ✐s ❡q✉❛❧ t♦ rj s♦ t❤❛t

✾



rj =
sin jπ

m

2m+ 1
.

❙✐♠✐❧❛r❧②✱ ❧❡t Qj ❜❡ t❤❡ ✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ G1 ❛♥❞ G2 ♦♥ t❤❡ s❡❣♠❡♥t Ij = [ jπm − π
2m , jπ

m ]✳

▲❡t qj ❜❡ t❤❡ ❞✐st❛♥❝❡s ❢r♦♠ ♣♦✐♥t Qj t♦ t❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡ MjNj ✳ ❙✐♥❝❡ t❤❡ ❧✐♥❡ x = π
2 ✐s t❤❡ ❛①✐s ♦❢

s②♠♠❡tr② ♦❢ G1 ❛s ✇❡❧❧ ❛s ♦❢ G2 ✐t ❢♦❧❧♦✇s t❤❛t qj = qm−j t❤✉s t❤❡ s✉♠ ♦❢ ❧❡♥❣t❤ ♦❢ ❛❧❧ ✐♥t❡r✈❛❧s ✇❤❡r❡

2| sinmt| < | sin t| ♦♥ [0, π] ✐s ❡q✉❛❧ t♦ ❞♦✉❜❧❡
∑m−1

j=1 qj ✳ ■t ❢♦❧❧♦✇s ❢r♦♠ rj < qj < pj t❤❛t 2
π

∑m−1
j=1 rj <

2
π

∑m−1
j=1 qj <

2
π

∑m−1
j=1 pj s♦ t❤❛t

2

π(2m+ 1)

m−1
∑

j=1

sin
jπ

m
<

2

π

m−1
∑

j=1

qj <
2

6m− π

m−1
∑

j=1

sin
jπ

m
.

❋✐♥❛❧❧② ✐❢ ✇❡ ✉s❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ s✉♠ ♦❢ s✐♥❡s ✇✐t❤ ❛r❣✉♠❡♥ts ✐♥ ❛r✐t❤♠❡t✐❝ ♣r♦❣r❡ss✐♦♥ ✇❡ ♦❜t❛✐♥ t❤❡
❝❧❛✐♠ ♦❢ t❤❡ t❤❡♦r❡♠✳

✷

❈♦r♦❧❧❛r② ✷✳✽ ■❢ A ✐s ❛♥ ❛❞❤❡r❡♥t ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ (LC(Pm,1(x)))m≥1 t❤❡♥

2

π2
≤ A ≤ 2

3π

P❘❖❖❋✳ ❲❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ✐♥ t❤❡ ❝❧❛✐♠ ♦❢ ♣r❡✈✐♦✉s t❤❡♦r❡♠
❤❛s t❤❡ ❧✐♠✐t ❡q✉❛❧ t♦ 2

π2 ≈ 0.2026 ❛♥❞ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❤❛s t❤❡ ❧✐♠✐t ❡q✉❛❧ t♦
2
3π ≈ 0.2122 ✇❤❡♥ m → ∞✳

❈♦♥❥❡❝t✉r❡ ✷✳✶ ❚❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ✐♥ ❈♦r♦❧❧❛r② ✷✳✽ ❡①✐sts ✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ♦❢✿

lim
m→∞

LC(Pm,1(x)) ≈ 0.209. ✭✶✹✮

✸✳ ❆♣♣r♦①✐♠❛t✐♥❣ limn→∞ C(P2n+2l)

■t ✐s ♥❡❝❡ss❛r② t♦ ❡①♣❧❛✐♥ ❤♦✇ ✇❡ ❛♣♣r♦①✐♠❛t❡❞ t❤❡ ❧✐♠✐t ✐♥ ✭✶✹✮✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✇❡ ❛❝t✉❛❧❧②
❞❡❝❧❛r❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❞❡t❡r♠✐♥✐♥❣ limn→∞ C(P2n+2l)✿

✭✐✮ ❞❡t❡r♠✐♥❡ ❛❧❧ r❡❛❧ r♦♦ts tj ♦❢ t❤❡ ❡q✉❛t✐♦♥s f2(t) = E(t) ❛♥❞ f2(t) = −E(t)✱ ✇❤❡r❡ E(t)✱ f2(t) ❛r❡
❞❡✜♥❡❞ ✐♥ ✭✻✮ ❛♥❞ ✭✼✮✱

✭✐✐✮ ❛rr❛♥❣❡ t❤❡♠ ❛s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ 0 = t0 < t1 < . . . < tp = 2π✱

✭✐✐✐✮ ❞❡t❡r♠✐♥❡ r ✐♥t❡r✈❛❧s Ij = [αj , βj ] s✉❝❤ t❤❛t ✐❢ αj < t < βj t❤❡♥ |f2(t)| ≤ |E(t)|✱ αj , βj ∈
{t0, t1, . . . , tp}✱

✭✐✈✮ ❝❛❧❝✉❧❛t❡ limn→∞ C(P2n+2l) = 1−
∑r

j=1(βj − αj)/(2π).

■❢ ✇❡ ❜r✐♥❣ t♦ ♠✐♥❞ ✭✻✮ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❡q✉❛t✐♦♥ f2(t) = ±E(t) ✐✳❡✳ −a0/2−
∑k

j=1 aj cos jt = ±E(t)
✐s ❛❧❣❡❜r❛✐❝ ✐♥ cos t s♦ t❤❛t tj ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ❛r❝❝♦s✐♥❡ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ r❡❛❧ ♥✉♠❜❡r α ∈ [−1, 1] t❤✉s
♦♥❧② s♦❧✉t✐♦♥s ♦❢ t❤✐s ❦✐♥❞ s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
■❢ f0(t) ✐s ❞❡✜♥❡❞✿

f0(t) =

{

1, |f2(t)| ≥ |E(t)|
0, ♦t❤❡r✇✐s❡

✶✵



t❤❡♥

lim
n→∞

C(P2n+2l) =
1

2π

∫ 2π

0

f0(t)dt. ✭✶✺✮

❲❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭✶✺✮ ✐✳❡✳ limn→∞ C(P2n+2l)✳ ❙✉♣♣♦s❡ t❤❡ ✐♥t❡r✈❛❧ [0, 2π]
✐s ❞✐✈✐❞❡❞ ✐♥t♦ p ❡q✉❛❧ s✉❜✐♥t❡r✈❛❧s ♦❢ ❧❡♥❣t❤ ∆t = 2π/p s♦ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ [0, 2π] 0 =
t0 < t1 < . . . < tp = 2π s✉❝❤ t❤❛t tj − tj−1 = ∆t✳ ❚❤❡♥ ✇❡ ❝❤♦s❡ ♥✉♠❜❡rs ξj ∈ [tj , tj−1] ❛♥❞ ❝♦✉♥t ❛❧❧ ξj
s✉❝❤ t❤❛t |f2(ξj)| ≥ |E(t)✱ j = 1, 2, . . . , p✳ ■❢ t❤❡r❡ ❛r❡ s s✉❝❤ ξj t❤❡♥ limn→∞ C(P2n+2l) ✐s ❛♣♣r♦①✐♠❛t❡❧②
❡q✉❛❧ t♦ s

p ✳

lim
n→∞

C(P2n+2l) ≈
1

p

p
∑

j=1

f0(j
2π

p
)

✇❤❡r❡ ✇❡ ❝❤♦s❡❞ ξj = 2jπ/p✳
■❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s✉❜st✐t✉t✐♦♥ t = 2πu ✐♥ ✭✶✺✮ ✇❡ ❣❡t

lim
n→∞

C(P2n+2l) =

∫ 1

0

f0(2πu)du =

∫

U

du. ✭✶✻✮

✇❤❡r❡ U = {u ∈ [0, 1] : |f2(2πu)| ≥ |E(2πu)|}✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼❛❤❧❡r ♠❡❛s✉r❡ ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ♣♦❧②♥♦♠✐❛❧s ✐♥ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✳ ❲❡ r❡❝❛❧❧

❏❡♥s❡♥✬s ❢♦r♠✉❧❛ ✇❤✐❝❤ st❛t❡s t❤❛t
∫ 1

0
log |P (e2πiθ)| dθ = log |a0|+

∑d
j=1 logmax(|αj |, 1) ❚❤✉s

M(P ) = exp

{∫ 1

0

log |P (e2πiθ)| dθ
}

,

s♦ ▼✭P✮ ✐s ❥✉st t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢ |P (z)| ♦♥ t❤❡ t♦r✉s T ✳ ❍❡♥❝❡ ❛ ♥❛t✉r❛❧ ❝❛♥❞✐❞❛t❡ ❢♦r M(F ) ✐s

M(F ) = exp

{∫ 1

0

dθ1 · · ·
∫ 1

0

log |F (e2πiθ1 , . . . , e2πiθr )| dθr
}

.

❇♦②❞ ❛♥❞ ▼♦ss✐♥❣❤♦✛ ✐♥ ❬✺❪ ❧✐st❡❞ ✐♥ ❛ t❛❜❧❡ 48 ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ❤❛✈✐♥❣ s♠❛❧❧ ▼❛❤❧❡r ♠❡❛s✉r❡✳ ❍❡r❡
✇❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❧✐♠✐t r❛t✐♦ ♦❢ ♣♦❧②♥♦♠✐❛❧s ❝♦rr❡❧❛t❡❞ t♦ ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s q✉❛❞r❛t✐❝ ✐♥ y ❛♥❞ ❛❞❞❡❞
t❤❡♠ t♦ t❤❡ t❛❜❧❡✳ ❋❧❛♠♠❛♥❣ st✉❞✐❡❞ s♦♠❡ ♦t❤❡r ♠❡❛s✉r❡s✱ ❞❡✜♥❡❞ ❢♦r ❛❣❡❜r❛✐❝ ✐♥t❡❣❡rs✱ ✐♥ ❬✾❪ ❬✶✵❪✳
■❢ ✇❡ ❜r✐♥❣ t♦ ♠✐♥❞ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ▼❛❤❧❡r ♠❡❛s✉r❡ ✐♥ ❊①❡r❝✐s❡ ✷✳✷✹ ❛♥❞ ❡s♣❡❝✐❛❧❧② ✐♥ ❊①❡r❝✐s❡

✷✳✷✺ ✐♥ t❤❡ ♥❡✇ ❜♦♦❦ ♦❢ ▼❝❑❡❡ ❛♥❞ ❙♠②t❤ ❬✶✷❪✿

M(P ) = exp

(

∫

U

log
|f2(2πu)|+

√

f2
2 (2πu)− E2(2πu)

|E(2πu)| du

)

✇❤❡r❡ U = {u ∈ [0, 1] : |f2(2πu)| ≥ |E(2πu)|} t❤❡♥ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ▼❛❤❧❡r
♠❡❛s✉r❡ ❛♥❞ t❤❡ ❧✐♠✐t r❛t✐♦

LC(P ) =

∫

U

du.

❚❛❜❧❡ ✶ ♣r❡s❡♥ts f2(2πu) ❛♥❞ E(2πu) ❢♦r ❝❡rt❛✐♥ ❢❛♠✐❧✐❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s✱ q✉❛❞r❛t✐❝ ✐♥ y✳ ■♥ ❚❛❜❧❡ ✷ ✇❡
♣r❡s❡♥t ❧✐♠✐t ♣♦✐♥ts ❝❛❧❝✉❧❛t❡❞ ✐♥ ❬✺❪ ♦❢ ▼❛❤❧❡r ♠❡❛s✉r❡ ♦❢ ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s P (x, y)✱ q✉❛❞r❛t✐❝ ✐♥
y✱ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r✳ ❲❡ ❝♦♠♣❧❡♠❡♥t❡❞ t❤❡ t❛❜❧❡ ♦❢ ❇♦②❞ ❛♥❞ ▼♦ss✐♥❣❤♦✛ ❜② t❤❡ ❧✐♠✐t ♣♦✐♥ts ♦❢ t❤❡
r❛t✐♦ ♦❢ ♥✉♠❜❡r ♦❢ ♥♦♥✉♥✐♠♦❞✉❧❛r r♦♦ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ P (x, xn) t♦ ✐ts ❞❡❣r❡❡ ✇❤❡♥ n → ∞✳ ❆s ✐♥
❬✺❪ ♣♦❧②♥♦♠✐❛❧s Pa,b(x, y)✱ Qa,b(x, y)✱ Ra,b(x, y)✱ Sa,b,ǫ(x, y)✱ ❞❡✜♥❡❞ ✐♥ ❚❛❜❧❡ ✶✱ ❛r❡ ❧❛❜❡❧❡❞ ❛s P (a, b)✱
Q(a, b)✱ R(a, b)✱ S(a, b, s❣♥(ǫ)) r❡s♣❡❝t✐✈❡❧②✱ ✐♥ ❚❛❜❧❡ ✷✳ ❙♦♠❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ✐❞❡♥t✐✜❡❞ ❜② t❤❡ s❡q✉❡♥❝❡s✱
❢♦r ❡①❛♠♣❧❡ t❤❡ t❤✐r❞ s♠❛❧❧❡st ❦♥♦✇♥ ❧✐♠✐t ♣♦✐♥t (1 + x) + (1− x2 + x4)y + (x3 + x4)y2✱ ✐s ✐❞❡♥t✐✜❡❞ ❜②
❬✰✰✵✵✵✱ ✰✵−✵✰✱ ✵✵✵✰✰❪✱ ❛s ✐♥ ❬✺❪✳ P♦❧②♥♦♠✐❛❧s ✐♥ ❚❛❜❧❡ ✷ ❛r❡ ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ✐♥ ❚❛❜❧❡ ❉✳✷ ♦❢ ❬✶✷❪✳ ❲❡

✶✶



❚❛❜❧❡ ✶
f2(2πu) ❛♥❞ E(2πu) ❢♦r ❝❡rt❛✐♥ ❢❛♠✐❧✐❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s✳

❋❛♠✐❧② ❉❡✜♥✐t✐♦♥ f2(2πu) E(2πu)

Pa,b(x, y) xmax(a−b,0)

(

∑a−1

j=0
xj +

∑b−1

j=0
xjy + xb−a

∑a−1

j=0
xjy2

)

sin
(

b
2
πu
)

2 sin
(

a
2
πu
)

Qa,b(x, y) xmax(a−b,0)(1 + xa + (1 + xb)y + xb−a(1 + xa)y2 cos
(

b
2
πu
)

2 cos
(

a
2
πu
)

Ra,b(x, y) xmax(a−b,0)(1 + xa + (1− xb)y − xb−a(1 + xa)y2 sin
(

b
2
πu
)

2 cos
(

a
2
πu
)

Sa,b,ǫ(x, y) 1 + (xa + ǫ)(xb + ǫ)y + xa+by2✱ ǫ = ±1 cos
(

a+b
2

πu
)

+ ǫ cos
(

b−a
2

πu
)

✶

❡①❝❧✉❞❡❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s ♥♦t q✉❛❞r❛t✐❝ ✐♥ y✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡ ▼❛❤❧❡r ♠❡❛s✉r❡ ❛♥❞ t❤❡
❧✐♠✐t r❛t✐♦ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s✳

✭✐✮ ❚❤❡ ▼❛❤❧❡r ♠❡❛s✉r❡ ✐s ≥ 1 ✇❤✐❧❡ t❤❡ ❧✐♠✐t r❛t✐♦ ✐s ✐♥ [0, 1]✳

✭✐✐✮ ▼❛❤❧❡r ♠❡❛s✉r❡s ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s ❝❛♥ ❜❡ ❡q✉❛❧ t❤♦✉❣❤ t❤❡✐r ❧✐♠✐t r❛t✐♦s ❛r❡ ❞✐✛❡r❡♥t ✭s❡❡ ❡①❛♠♣❧❡s
✭✷✮ ❛♥❞ ✭✷✬✮ ✐♥ ❚❛❜❧❡ ✷✳

✭✐✐✐✮ ▼❛❤❧❡r ▼❡❛s✉r❡s ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s ✐♥❝r❡❛s❡ ✇❤✐❧❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♠✐t r❛t✐♦s ❞❡❝r❡❛s❡✳

✭✐✈✮ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ P2,3 ❤❛s t❤❡ s♠❛❧❧❡st ▼❛❤❧❡r ♠❡❛s✉r❡ ❛♥❞ t❤❡ s♠❛❧❧❡st ❧✐♠✐t r❛t✐♦✳

✭✈✮ ❚❤❡ s❡❝♦♥❞ s♠❛❧❧❡st ▼❛❤❧❡r ♠❡❛s✉r❡ ❝♦♠❡s ❢r♦♠ P2,1 ❛♥❞ P1,3 ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ s♠❛❧❧❡st ❧✐♠✐t r❛t✐♦
❝♦rr❡s♣♦♥❞s t♦ R1,5✳

❲❡ s❤♦✇❡❞ ✐♥ ❊①❛♠♣❧❡ ✷ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷ t❤❛t t❤❡ ❧✐♠✐t r❛t✐♦ ❝❛♥ ❜❡ ❛r❜✐tr❛r② ❝❧♦s❡ t♦ ③❡r♦✳ ■t ✐s
❝❧❡❛r t❤❛t ✐♥ t❤✐s ❡①❛♠♣❧❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ✉♥❜♦✉♥❞❡❞✳ ❖✉r ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t
✐❢ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❜♦✉♥❞❡❞ t❤❡♥ t❤❡ ❧✐♠✐t r❛t✐♦ ❝❛♥ ♥♦t ❜❡ ❛r❜✐tr❛r② ❝❧♦s❡ t♦ ③❡r♦✳ ❆❧s♦✱ ❚❤❡♦r❡♠ ✷✳✼
s✉♣♣♦rts ♦✉r ♦♣✐♥✐♦♥ t❤❛t t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ▲❡❤♠❡r✬s ❝♦♥❥❡❝t✉r❡ ✐s tr✉❡✿
❈♦♥❥❡❝t✉r❡ ✸✳✶ ■❢ N ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r ≥ 1 t❤❡r❡ ✐s s♦♠❡ c(N) > 0 s✉❝❤ t❤❛t ❛♥② s❡q✉❡♥❝❡ P2n+2l

♦❢ ✐♥t❡❣❡r ♣♦❧②♥♦♠✐❛❧s ❞❡✜♥❡❞ ✐♥ ✭✶✮✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ bj = bl−j✱ ❤❛✈✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ≤ N ✐♥
♠♦❞✉❧✉s✱ t❤❛t ❤❛s t❤❡ ❧✐♠✐t r❛t✐♦ str✐❝t❧② ❜❡❧♦✇ c(N) ❤❛s t❤❡ ❧✐♠✐t r❛t✐♦ ❡q✉❛❧ t♦ ✵✳

❚❛❜❧❡ ✷✿ ▲✐♠✐t ♣♦✐♥ts ♦❢ ▼❛❤❧❡r ♠❡❛s✉r❡ ❛♥❞ ❧✐♠✐t ♣♦✐♥ts ♦❢ t❤❡
r❛t✐♦ ♦❢ ♥✉♠❜❡r ♦❢ ♥♦♥✉♥✐♠♦❞✉❧❛r r♦♦ts ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ t♦ ✐ts ❞❡✲
❣r❡❡✳

▼❛❤❧❡r ♠❡❛s✉r❡ P♦❧②♥♦♠✐❛❧ lim
n→∞

C(P) ❊①❛❝t ✈❛❧✉❡ ♦❢ lim
n→∞

C(P)✱ s❡q✉❡♥❝❡

P
✶✳ ✶✳✷✺✺✹✸✸✽✻✻✷✻✻✻✵✽✼✹✺✼ P✭✷✱ ✸✮ ✵✳✶✸✷✽✵✾✺✵✾✽✾✻✻✽✽✹ 1− 2 arccos(

√
2
2 − 1

2 )/π

✷✳ ✶✳✷✽✺✼✸✹✽✻✹✷✾✶✾✽✻✷✼✹✾ P✭✷✱ ✶✮ ✵✳✶✻✵✽✻✶✷✹✻✺✶✵✸✸✷✺ 1− 2 arccos(1/4)/π

✷✬✳ ✶✳✷✽✺✼✸✹✽✻✹✷✾✶✾✽✻✷✼✹✾ P✭✶✱ ✸✮ ✵✳✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸ 1/3

✸✳ ✶✳✸✵✾✵✾✽✸✽✵✻✺✷✸✷✽✹✺✾✺ ✵✳✷✾✼✵✶✸✻✼✾✼✺✾✼✺✵✶ ❬✰✰✵✵✵✱ ✰✵−✵✰✱ ✵✵✵✰✰❪

✹✳ ✶✳✸✶✺✻✾✷✼✵✷✾✽✻✻✹✶✵✾✸✺ P✭✸✱ ✺✮ ✵✳✶✻✹✻✹✺✸✹✼✹✸✷✵✵✷✶ 4
π arctan 1

√

2
√

94−26
√
13+4

√
13−13

+

+−4
π arctan 1

√

1
2

√

544
√

5

121
+ 992

121
+ 4

√

5

11
+ 17

11

✻✳ ✶✳✸✷✺✸✼✷✹✾✼✸✵✼✺✽✻✵✸✹✾ P✭✸✱ ✹✮ ✵✳✶✼✸✾✼✽✹✷✹✻✹✽✺✽✻✷

✼✳ ✶✳✸✸✷✵✺✶✶✵✺✹✸✼✹✶✾✸✶✹✷ P✭✷✱ ✺✮ ✵✳✷✻✸✹✺✵✹✾✻✹✺✻✶✹✽✶

✶✷



✽✳ ✶✳✸✸✷✸✾✻✶✷✾✹✺✽✼✶✺✹✶✷✶ ❙✭✶✱ ✸✱✰✮ ✵✳✸✽✶✹✾✵✹✺✽✷✾✶✽✺✽✷ arccos
(√

17/4− 1/4
)

/π + 1/6

✾✳ ✶✳✸✸✽✶✸✼✹✸✶✾✸✽✽✹✶✵✼✼✺ P✭✸✱ ✷✮ ✵✳✶✽✼✶✸✹✻✷✹✽✹✼✼✻✹✾ 2
π

[

π − arccos 1+
√
17

8 − arccos 1−
√
17

8

]

✶✵✳ ✶✳✸✸✾✾✾✾✾✷✶✼✸✽✶✽✸✺✸✸✷ P✭✹✱ ✼✮ ✵✳✶✼✽✹✼✹✻✶✸✼✶✺✼✻✾✾

✶✶✳ ✶✳✸✹✵✺✵✻✽✽✷✾✸✵✽✹✼✶✵✼✾ P✭✸✱ ✶✮ ✵✳✶✽✾✺✶✺✾✷✵✺✽✷✷✶✼✽ 2
π

[

arcsin(
√
14/4)− arcsin(

√
10/4)

]

✶✸✳ ✶✳✸✺✵✵✶✹✽✸✷✶✻✸✵✶✹✷✻✺✵ P✭✸✱ ✼✮ ✵✳✷✹✵✸✵✾✼✽✹✶✸✶✻✸✶✼

✶✺✳ ✶✳✸✺✶✶✹✺✽✾✺✻✻✾✼✵✹✻✾✵✸ P✭✹✱ ✺✮ ✵✳✶✾✵✷✻✾✽✻✷✵✻✼✵✺✽✷

✶✻✳ ✶✳✸✺✷✹✻✽✵✻✷✺✶✽✽✻✵✷✾✻✶ P✭✺✱ ✾✮ ✵✳✶✽✻✵✼✵✸✺✺✺✷✽✸✶✽✽

✶✼✳ ✶✳✸✺✸✻✾✼✻✹✾✹✻✷✻✸✺✺✼✶✶ ◗✭✶✱ ✻✮ ✵✳✶✽✾✸✷✷✻✺✽✵✾✽✹✽✾✻

✶✽✳ ✶✳✸✺✻✼✹✽✶✵✺✶✹✺✻✵✵✽✸✶✶ P✭✹✱ ✸✮ ✵✳✶✾✻✹✵✻✺✽✵✶✽✾✾✵✽✺

✶✾✳ ✶✳✸✺✻✼✽✺✾✽✽✹✺✷✻✹✺✹✾✻✼ P✭✺✱ ✽✮ ✵✳✶✾✵✽✸✺✶✸✷✻✶✼✷✼✻✵

✷✵✳ ✶✳✸✺✽✶✷✾✻✸✷✹✵✹✹✶✼✾✷✵✽ ✵✳✸✼✺✺✷✶✷✾✵✶✵✷✶✼✽✵ 0.4− α1 + 0.8− 2/3 + 1− α2✱ α1, α2

r♦♦ts ♦❢ 32z6 − 48z4 + 16z2 + 2z − 0.5

❬✰✰✱ ✰✵−−−✵✰✱✰✰❪
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✷✹✳ ✶✳✸✺✾✽✶✺✽✾✽✾✽✼✼✹✾✷✾✺✵ ❙✭✶✱ ✻✱✰✮ ✵✳✸✻✸✽✸✷✻✶✷✶✺✼✻✼✻✵
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✷✽✳ ✶✳✸✻✸✻✺✶✹✾✽✶✽✻✹✾✾✷✶✼✼ ❙✭✸✱ ✺✱✰✮ ✵✳✸✻✶✻✶✻✸✽✸✺✸✶✻✷✼✼

✸✶✳ ✶✳✸✻✹✺✹✺✾✽✺✼✽✾✾✶✺✶✸✻✻ P✭✼✱ ✶✸✮ ✵✳✶✾✹✵✹✷✺✺✻✾✹✻✹✺✷✽

✸✷✳ ✶✳✸✻✹✻✺✺✼✷✾✸✾✸✵✻✹✶✹✹✾ P✭✺✱ ✶✶✮ ✵✳✷✷✸✻✵✷✼✼✼✽✷✾✶✷✹✶

✸✸✳ ✶✳✸✻✺✵✻✷✸✶✺✼✶✼✹✹✶✼✶✼✾ ❙✭✷✱ ✼✱−✮ ✵✳✸✸✻✵✾✹✻✶✶✸✻✸✾✾✼✻

✸✹✳ ✶✳✸✻✺✹✻✽✼✸✼✵✺✺✼✷✵✶✺✾✷ P✭✺✱ ✹✮ ✵✳✷✵✵✼✻✾✷✶✸✽✽✶✼✹✹✾
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✸✼✳ ✶✳✸✻✻✺✼✵✾✼✹✻✵✺✻✸✻✾✹✺✺ P✭✺✱ ✷✮ ✵✳✷✵✶✽✻✶✺✶✶✽✸✵✾✺✸✶

✸✽✳ ✶✳✸✻✻✽✵✼✽✽✾✾✷✼✸✶✷✻✶✹✾ P✭✺✱ ✶✮ ✵✳✷✵✷✵✽✹✹✵✶✹✾✷✸✽✹✾

✸✾✳ ✶✳✸✻✻✽✽✸✵✼✵✽✺✾✷✷✺✽✾✷✶ ❘✭✶✱ ✺✮ ✵✳✶✹✶✼✺✺✵✽✷✷✸✹✶✸✵✾
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✹✶✳ ✶✳✸✻✼✼✾✽✽✺✽✵✶✶✼✶✺✼✼✹✵ P✭✽✱ ✶✺✮ ✵✳✶✾✻✸✻✶✹✵✽✶✷✶✵✹✽✷

✹✸✳ ✶✳✸✻✽✶✾✻✷✺✶✼✷✶✷✼✷✾✼✵✸ P✭✻✱ ✶✸✮ ✵✳✷✶✾✾✸✻✵✺✼✼✹✾✾✻✵✺

✹✹✳ ✶✳✸✻✽✷✶✹✵✵✾✻✻✼✾✾✺✵✶✷✸ P✭✶✱ ✾✮ ✵✳✷✵✽✷✵✶✷✾✹✻✽✶✵✺✻✾
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✿ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ r❡❢❡r❡❡ ❢♦r ♠❛♥② ✈❛❧✉❛❜❧❡ r❡♠❛r❦s✱ ❝♦♠♠❡♥ts ❛♥❞ ❝♦rr❡❝✲
t✐♦♥s✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❤✐s ♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡ ❉❡✜♥✐t✐♦♥ ✶✳✶ ♦❢ ❙❛❧❡♠ ♣♦❧②♥♦♠✐❛❧ ✭s❡❡ ❬✶✷❪ ♣✳ ✶✶✷✳✮ s❤♦✉❧❞
❜❡ t❛❦❡♥ ❢♦r ❝♦❤❡r❡♥❝②✳

❘❡❢❡r❡♥❝❡s
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